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Question 3.156

Question: Suppose that Y is a random variable with moment-generating
function m(t).
A: What is m(0)?
B: If W = 3Y , show that the moment-generating function of W is m(3t).
C: If X = Y → 2, show that the moment-generating function of X is e→2tm(t).

William Hsu (UofT) Tutorial 5 ECO227Y5 2025/2026 2 / 16

( .) n(t) = E(e
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) = E(e +". eY)
Notice thate-t is so constant when retroke the expectation an Y is the tondonvotiable.

= e
* EJetY) = e -+ny(t)



Question 3.158

Question: If Y is a random variable with moment-generating function m(t) and
if W is given by

W = aY + b,

show that the moment-generating function of W is etbm(at).
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Ny(ts = E(e
+ Y)

Mu(A = E(e
+ m) = Ese

+ (aY + b)) = E(ea ty + + b) = E(e
+ y

. e
+

4)

Agwin eth is a constron

=> eth [celoty] = ethaylat) ·



Question 4.5

Question: Suppose that Y is a random variable that takes on only integer values
1, 2, . . . and has distribution function F (y). Show that the probability function
p(y) = P(Y = y) is given by

p(y) =

{
F (1), y = 1,

F (y)→ F (y → 1), y = 2, 3, . . .
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YE(1 ,
2

,
.... 3

P (Y = 1) = P(Y=1) : F(d Os I is the lowest value that Ycon take on

as there are novolves between X-1 and y

P(y = y ? 2) = P(YEYS - P(Y <Y) = P(x2X
- 9543 y - 1 = F(y) - F(Y - 1)



Question 4.8

Question: Suppose that Y has density function

f (y) =

{
k y(1→ y), 0 ↑ y ↑ 1,

0, elsewhere.

(a) Find the value of k that makes f (y) a probability density function.

(b) Find P(0.4 ↑ Y ↑ 1).

(c) Find P(0.4 ↑ Y < 1).
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volid PDF: idy = 1

f(y)] 0 fot all y

b .) p(0.42) 1) = ) 6xx1-ydy

Notice fot any Y #10, 1)
,

tex : = o so ,

= 6)x-dy=
2 .)

I
0

kys1 -y dy = ] ! kys1 - y(dy = k)) y - y - dy
= 0 (2) = 0 . 648

-00

EvolidpDF 1 .) Recall that for any continuousy ,

= (E - T) = E - E = 7

28f() dy = FOS-F(a =

=> F = = = k = 6
,

toy) : (04
,

YES le Pay 1) = 0 .4: = 1) = 0 . 648

, gliewhere



Question 4.8

Question: Suppose that Y has density function

f (y) =

{
k y(1→ y), 0 ↑ y ↑ 1,

0, elsewhere.

(d) Find P(Y ↑ 0.4 | Y ↑ 0.8).

(e) Find P(Y < 0.4 | Y < 0.8).
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6 we find Esy) to take less inteptals .

F(yi = ) "Gyx - y (dy = 6) x -y-dy = 6(7 - ]) * = 2y2 - cy
+ i + y + (0, 7)

⑧

#10 . 4) = (10. 45- 210 . 41 %
= 0 . %52

,
730 . 8) = (10. 04 - 210 . 82" = 0 . 896

↑ (Y = 0 .4/420. 8) =

PSY20. 41420 . 8)=
p(y = 0 . 8)

↓ Continuous so P(40 . 41y30 . 8) = 0 . 7929



Question 4.9

Question: A random variable Y has the following distribution function:

F (y) = P(Y ↑ y) =






0, y < 2,
1
8 , 2 ↑ y < 2.5,
3
16 , 2.5 ↑ y < 4,
1
2 , 4 ↑ y < 5.5,
5
8 , 5.5 ↑ y < 6,
11
16 , 6 ↑ y < 7,

1, y ↓ 7.

(a) Is Y a continuous or discrete random variable? Why?

(b) What values of Y are assigned positive probabilities?
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2 . 7 Distete
,

the CDF has jumps

b .) Noting lisy) is constant not centaily's ,
and only interes on endpointe of intervals

·

10
,

% = 2
, 2 . 5

,
4

,
5. 2

,
6
,

7 bave positive stobabilities



Question 4.9

Question: A random variable Y has the following distribution function:

F (y) = P(Y ↑ y) =






0, y < 2,
1
8 , 2 ↑ y < 2.5,
3
16 , 2.5 ↑ y < 4,
1
2 , 4 ↑ y < 5.5,
5
8 , 5.5 ↑ y < 6,
11
16 , 6 ↑ y < 7,

1, y ↓ 7.

(c) Find the probability function for Y .

(d) What is the median, ω0.5, of Y ?
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j y = 2

jj- j = jj y = 2 . 5

↓> 00 . 5 = E(y) = 0 . 5
,

clearly recee that F14) : .

2 .) ((y) =

I*S

so 00. % = 4 G y = 7

0
, elienkere



Question 4.11

Question: Suppose that Y possesses the density function

f (y) =

{
c y , 0 ↑ y ↑ 2,

0, elsewhere.

(a) Find the value of c that makes f (y) a probability density function.

(b) Find F (y).

(c) Graph f (y) and F (y).
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a cyd =1=
C

F(y) = /
0 - y = 2

by ((y = (! zyd = +) xd = +( =)= = S o
,
yo

1
/

Y > 2

F(y)

c) +(y)

↓I



Question 4.11

Question: Suppose that Y possesses the density function

f (y) =

{
c y , 0 ↑ y ↑ 2,

0, elsewhere.

(d) Use F (y) to find P(1 ↑ Y ↑ 2).

(e) Use f (y) and geometry to find P(1 ↑ Y ↑ 2).
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d) P(1 = Y = 2) = P(y(2) - 9(y = 1) = F(y = 2) - F(Y = 1) = 1 - 2 = 7
F( = 1 ,

F(1) = I
A tea of Tragezoid : A =

(Dase + Fog) · Height

2

2 .) +(y)

I ,

911:
'It ! "

= Y



Question 4.12

Question: The length of time to failure (in hundreds of hours) for a transistor is
a random variable Y with distribution function

F (y) =

{
0, y < 0,

1→ e→y2
, y ↓ 0.

(a) Show that F (y) has the properties of a distribution function.

(b) Find the 0.30-quantile, ω0.30, of Y .
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a) Check limiti :

(in Ey = 0 neary.in
My=-e=

Yy -50

D .) 00
. 00

= FSy = 0 . 10 -1-e= 0 . 60 + e
v

= 0. 70 - -Y" = In (0. 20) => Y"=(n(0. 70) = Y =It

y= 0 . 5472

Note : he consider only =Fzos as if yo ,
f(y) = 0



Question 4.12

Question: The length of time to failure (in hundreds of hours) for a transistor is
a random variable Y with distribution function

F (y) =

{
0, y < 0,

1→ e→y2
, y ↓ 0.

(c) Find f (y).

(d) Find the probability that the transistor operates for at least 200 hours.

(e) Find P(Y > 100 | Y ↑ 200).
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-9) = 0 -Ex. -

C .]
H(yc :d = +(y) : &

2ye
- 4

,
%10 = 2ye

x2

8
, el enters

d) P(y?203 = 1 - p(43300) = 1 - F(u) = 1 - (1 - e
- ( ) = 0 .

0187

e .) P(y > 100/y : 200s =

P(Y100a +3200)
=

F(2)-lick)
=

0 .98180 - 0. 6322
= 0 . 2561

P (Y ? 2009 0. 98168
0

.98168



Question 4.17

Question: The length of time required by students to complete a one-hour exam
is a random variable with density

f (y) =

{
c y2 + y , 0 ↑ y ↑ 1,

0, elsewhere.

(a) Find c .

(b) Find F (y).

(c) Graph f (y) and F (y).
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a>jocdy=d=

- = 1 = Y = t = = E

( . )
f(Y) FS +/( b . F Extida : +** = * +

1- "

-
1) =[

=>
I
!! Y

Thy Stophing Hom Decos



Question 4.17

Question: The length of time required by students to complete a one-hour exam
is a random variable with density

f (y) =

{
c y2 + y , 0 ↑ y ↑ 1,

0, elsewhere.

(d) Using part (b), find F (→1), F (0), and F (1).

(e) Find the probability that a randomly selected student will finish in less than
half an hour.

(f) Given that a particular student needs at least 15 minutes to complete the
exam, find the probability that she will require at least 30 minutes to finish.
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1) =[

d) Es - 1) = 0
,

Fol = 0
,

F(1) = /

2 . ) P(y(0 . 5) = 0 . 1872

↓) P(Y20.: /Y 20. 25) = 1 - 9)4(0. 5/y20. 2) = 1 -

P(Y30 . 5/Y20. 25)
= 1 -

F(0 . 5) - F(0. 15)

P(y30.25( 1 - F(0 .25)

= 1-
0 . 1875 - 0. 090625

= 0 . 8455
1 - 0. 0790625



Question 4.18

Question: Let Y have the density function

f (y) =






0.2, →1 < y ↑ 0,

0.2 + c y , 0 < y ↑ 1,

0, elsewhere.

(a) Find c .

(b) Find F (y).

(c) Graph f (y) and F (y).

William Hsu (UofT) Tutorial 5 ECO227Y5 2025/2026 15 / 16

a>100kydy = Jody + Sotcydy = 1 C) Hys

=> 0 .2y1,
+ (0 . 24+T : I

=> 0 . 2 + 0 .i + E = 1 = (b - f
- I

F(y)

D .2 ESx3:"thyby

From 115y50 : /" O by = 0
. (y)

,
" = any + o.

-
From 04:1 : F102 + ) : 0. 2 + 3 y dy = 0 . 2 + 0 - 2y + 1 x yy = ax + 2 +

ooh
-> d ' Y

y
- 1

&

F(y) =

S 82y + o
.
2

,
+y = 0

0 . 2 + 0 . 2y + 7y20y :I

I
,

Y



Question 4.18

Question: Let Y have the density function

f (y) =






0.2, →1 < y ↑ 0,

0.2 + c y , 0 < y ↑ 1,

0, elsewhere.

(d) Using part (b), find F (→1), F (0), and F (1).

(e) Find P(0 ↑ Y ↑ 0.5).

(f) Find P(Y > 0.5 | Y > 0.1).

William Hsu (UofT) Tutorial 5 ECO227Y5 2025/2026 16 / 16

y
- 1

E() :G.   y
I

,
Y

d) F( - 1 = 0 ,
F(0) = 0

.
2

,
F21) = /

q

e . ) p30 = 0 . 51 = PSY0 . 5) - P(Y(0) = F(0. 5) - FSOS : 20 - 0 .
% = 0

.
25

+) PSY70 . 5/y30 . 1) = 1 - 93460 ./ % 10 . 1) : 1-M1-

= 0 . 7106


